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Abstract

We give a generalisation of the multivariate beta integral. This is used to show that the

(multivariate) Bernstein–Durrmeyer operator for a Jacobi weight has a limit as the weight

becomes singular. The limit is an operator previously studied by Goodman and Sharma. From

the elementary proof given, it follows that this operator inherits many properties of the

Bernstein–Durrmeyer operator in a natural way. In particular, we determine its eigenstructure

and give a differentiation formula for it which is new.
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1. Introduction

The Bernstein operator Bn : C½0; 1�-Pn; which is defined by

Bnf ðxÞ :¼
Xn

k¼0

n

k

 !
xkð1� xÞn�k

f
k

n

� �
; ð1:1Þ
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can be modified to obtain Mm
n the Bernstein–Durrmeyer operator for a Jacobi weight

Mm
n f ðxÞ :¼

Xn

k¼0

n

k

 !
xkð1� xÞn�k

c
m
kð f Þ;

where

c
m
kð f Þ :¼

R 1
0 xkþm1ð1� xÞn�kþm2f ðxÞ dxR 1

0 xkþm1ð1� xÞn�kþm2 dx
; m ¼ ðm1; m2Þ; m1; m24� 1:

The multivariate version of this operator, where the interval ½0; 1� is replaced
by a simplex T in Rs; is defined below. By using a generalisation of the multivariate
beta integralZ 1

0

Z 1�x1

0

?
Z 1�x1�?�xs�1

0

x
b1�1
1 ?xbs�1

s ð1� x1 �?� xsÞb0�1 dxsydx2 dx1

¼ Gðb0ÞGðb1Þ?GðbsÞ
Gðb0 þ b1 þ?þ bsÞ

; b0; b1;y; bs40; ð1:2Þ

we show c
m
kð f Þ and its multivariate analogue have a limit as some or all mi-� 1þ:

Thus, Mm
n f converges as m-� 1þ; with the limit operator inheriting many

properties in a natural way. It turns out that this limit operator is the one previously
studied by Chen in the univariate case, and Goodman–Sharma in the multivariate
case. Hence, we provide a simple explanation as to why this operator has properties
which are so close to those of the Bernstein–Durrmeyer operator, and a simple proof
of these properties. In particular, we determine its eigenstructure and give a
differentiation formula for it which is new.

1.2. Definitions

Let V be the set of s þ 1 vertices of an s-simplex T in Rs; and x ¼ ðxvÞvAV be the

corresponding barycentric coordinates. We will use standard multi-index notation

with indices from ZV
þ and Zs

þ; so, for example,

xa :¼
Y
vAV

xav

v ; aAZV
þ ; b! :¼ b1!b2!?bs!; bAZs

þ:

The value of a at v is denoted by av or aðvÞ; depending on which is most
aesthetic.
The Bernstein operator of degree n for the simplex T with vertices V is defined by

Bn;V f :¼
X
jaj¼n

aAZV
þ

n

a

 !
xaf ðvaÞ; 8fACðTÞ; ð1:3Þ

where

n

a

 !
:¼ n!

a!ðn � jajÞ!; va :¼
X
vAV

aðvÞ
jaj vAT :
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To describe Durrmeyer’s modification of this operator, we define the linear
functional

f/

Z
½y0;y;yk �

f :¼ 1

k! volkðSÞ

Z
S

f 3A; ð1:4Þ

where S is any k-simplex in Rd with (k-dimensional) volume volkðSÞ; and A : Rd-Rs

is any affine map taking the k þ 1 vertices of S onto the points y0;y; yk in Rs (this is
independent of the choice of S and A). For the points V ; taking S ¼ T and A as the
identity givesZ

V

f ¼ 1

s! volsðTÞ

Z
T

f : ð1:5Þ

For mv4� 1; 8vAV ; the weight xm :¼
Q

vAV xmv
v is integrable on T : We denote the

corresponding weighted inner product space by L2ðT ; xmÞ; and use the inner product

/f ; gSm :¼
Z

V

fgxm ¼ 1

s! volsðTÞ

Z
T

fgxm; 8f ; gAL2ðT ; xmÞ:

The Bernstein–Durrmeyer operator of degree n for a Jacobi weight xm on T can now
be defined by

Mm
n f :¼

X
jaj¼n

n

a

 !
xa

/f ; xaSm

/1; xaSm
; 8fAL2ðT ; xmÞ: ð1:6Þ

This self-adjoint operator on L2ðT ; xmÞ was first defined on L2½0; 1� by Durrmeyer
[Du67] (see also [D81]), then for Jacobi weights by Păltănea [P83] (see also [BX91]),
and the multivariate analogues in Derriennic [D85] (see also [Di95]).

2. A generalised multivariate beta integral

The multivariate gamma and beta functions of bAZV
þ are defined by

GðbÞ :¼
Y
vAV

GðbvÞ; BðbÞ :¼ GðbÞ
GðjbjÞ; b40:

The beta integral (1.2) can be written asZ
V

xb�1 ¼ BðbÞ ¼ GðbÞ
GðjbjÞ; b40: ð2:1Þ

If y0;y; yk of (1.4) are the points V ¼ fv0;y; vsg taken with multiplicities
aðviÞX0; aa0; then a change of variables shows thatZ

½v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}
aðv0Þ

;y;vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞ

�
f ¼ 1

GðajÞ

Z
suppðaÞ

f x
aj�1
j ;

xj :¼ ðxvÞvAsuppðaÞ;

aj :¼ ajsuppðaÞ;
ð2:2Þ

where suppðaÞCV denotes the support of a:
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Proposition 2.1 (Generalised beta integral). Let aAZV
þ ; kARV : For k4� a; aX1Z

½v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}
aðv0Þ

;y;vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞ

�
xk ¼ Bðaþ kÞ

GðaÞ ¼ Gðaþ kÞ
Gðjaþ kjÞGðaÞ: ð2:3Þ

Proof. Take f ¼ xk in (2.2) and use the beta integral (2.1), to obtainZ
½v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}

aðv0Þ

;y;vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞ

�
xk ¼ 1

GðaÞ

Z
V

xaþk�1 ¼ Bðaþ kÞ
GðaÞ : &

For a ¼ 1 and k ¼ b� 1; the integral (2.3) reduces to the classical beta
integral (2.1).

3. The limit of the Bernstein–Durrmeyer operator

The inner product /1; xaSm; m4� 1 in (1.6) becomes unbounded as any

component of m approaches �1; and so a limiting form of Mm
n f as m-� 1þ

(mv-� 1þ; 8vAV ) cannot be defined by substituting m ¼ �1 into (1.6). However,
for fACðTÞ; we show that

lim
m-�1þ

/f ; xaSm

/1; xaSm
¼ ðn � 1Þ!

Z
½v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}

aðv0Þ

;y;vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞ

�
f ;

and so a limiting form can be defined in a natural way.
The multivariate shifted factorial (Pochhammer symbol) is defined by

ðmÞa :¼
Y
vAV

ðmvÞav
; aAZV

þ ; ðmvÞav
:¼ mvðmv þ 1Þ?ðmv þ av � 1Þ;

and satisfies

Gðmþ aÞ
GðmÞ ¼ ðmÞa; m40: ð3:1Þ

We extend jmj to vectors mARV (which may have negative entries) via
jmj :¼

P
vAV mv:

Lemma 3.1. Let kARV ; with kX� 1; and define J� knAZV
þ by

J� knðvÞ :¼
1; kv ¼ �1;
0; kv4� 1:

(
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Then, for fACðTÞ and aAZV
þ ; jaj ¼ nX1; we have

lim
m-k
m4�1

/f ; xaSm

/1; xaSm
¼ ckað f Þ :¼ 1

Ca;k

Z
½ v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}
aðv0Þþ1�J�knðv0Þ

;y; vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞþ1�J�knðvsÞ

�
f xkþJ�kn; ð3:2Þ

where

Ca;k :¼
Z
½ v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}
aðv0Þþ1�J�knðv0Þ

;y; vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞþ1�J�knðvsÞ

�
xkþJ�kn ¼ Gðaþ kþ 1Þ

Gðjaj þ jkj þ s þ 1ÞGðaþ 1� J� knÞ:

In particular,

lim
m-�1þ

/f ; xaSm

/1; xaSm
¼ ðn � 1Þ!

Z
½v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}

aðv0Þ

;y;vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞ

�
f : ð3:3Þ

Proof. The integrals defining ckað f Þ in (3.2) are finite since kþ J� kn4� 1: It

suffices to prove (3.2) for the polynomials f ¼ xb; bAZV
þ ; since their span is dense in

CðTÞ and

/f ; xaSm

/1; xaSm

����
����pjj f jj

N;T ; jckað f Þjpjjf jj
N;T :

For the left-hand side, use the beta integral (2.1) and (3.1), to obtain

lim
m-k
m4�1

/xb; xaSm

/1; xaSm
¼ lim

m-k
m4�1

ðaþ mþ 1Þb
ðjaj þ jmj þ s þ 1Þjbj

¼
ðaþ kþ 1Þb

ðjaj þ jkj þ s þ 1Þjbj
: ð3:4Þ

Note, for each vAV ; we have

ðaþ 1� J� knÞv ¼ 0 3 av ¼ 0; kv ¼ �1 3 ðaþ kþ 1Þv ¼ 0; ð3:5Þ

giving

W :¼ suppðaþ 1� J� knÞ ¼ suppðaþ kþ 1Þ; ð3:6Þ

and

ðkþ J� knÞjV \W ¼ 0; ð3:7Þ

ðaþ kþ 1ÞjV \W ¼ 0: ð3:8Þ

Case 1: W ¼ V : Then (3.6) implies

aþ 1� J� knX1; aþ kþ 140
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and so the generalised beta integral (2.3) givesZ
½ v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}
aðv0Þþ1�J�knðv0Þ

;y; vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞþ1�J�knðvsÞ

�
xbxkþJ�kn

¼ Gðaþ 1� J� knþ bþ kþ J� knÞ
Gðjaj þ jbj þ jkj þ s þ 1ÞGðaþ 1� J� knÞ:

From this we calculate

ckað f Þ ¼ Gðaþ bþ kþ 1Þ
Gðaþ kþ 1Þ

Gðjaj þ jkj þ s þ 1Þ
Gðjaj þ jbj þ jkj þ s þ 1Þ ¼

ðaþ kþ 1Þb
ðjaj þ jkj þ s þ 1Þjbj

:

Case 2: WaV : Let xaU :¼ ðxuÞ
ajU
uAU ¼

Q
uAU xau

u for UCV : By (2.2) and (3.7), we

have Z
½ v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}
aðv0Þþ1�J�knðv0Þ

;y; vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞþ1�J�knðvsÞ

�
xbxkþJ�kn

¼ 1

Gððaþ 1� J� knÞjW Þ

Z
W

xbþkþJ�knxa�J�kn
W

¼ 1

Gððaþ 1� J� knÞjW Þ

Z
W

xbV \Wxaþbþk
W :

Suppose bv40 for some vAV \W : Then xbV \W has xv as a factor, and hence is zero

over the region of integration (the convex hull of W ), giving

ckað f Þ ¼ 0 ¼
ðaþ kþ 1Þb

ðjaj þ jkj þ s þ 1Þjbj
;

with the last equality following since ðaþ kþ 1Þv ¼ 0 by (3.8).

Suppose bv ¼ 0 for all vAV \W ; i.e., suppðbÞCW and jbjW j ¼ jbj: Then xbV \W ¼ 1;

and we use the beta integral (2.1) to calculate

ckað f Þ ¼
R

W
xaþbþkR

W
xaþk ¼

Gððaþ bþ kþ 1ÞjW Þ
Gððaþ kþ 1ÞjW Þ

Gðjðaþ kþ 1ÞjW jÞ
Gðjðaþ bþ kþ 1ÞjW jÞ

:

The first factor in the above product is ðaþ kþ 1Þb since suppðbÞCW : From (3.8), it

follows that jðaþ kþ 1ÞjV \W
j ¼ 0; and so, since jbjW j ¼ jbj; the second factor becomes

Gðjðaþ kþ 1ÞjW j þ jðaþ kþ 1ÞjV \W
jÞ

Gðjðaþ kþ 1ÞjW j þ jbjW j þ jðaþ kþ 1ÞjV \W
jÞ ¼

Gðjaj þ jkj þ s þ 1Þ
Gðjaj þ jbj þ jkj þ s þ 1Þ

¼ 1

ðjaj þ jkj þ s þ 1Þjbj
;

as required.
Finally, the particular case (3.3) is obtained by taking k ¼ �1 in (3.2). &
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By (2.2), we have

ckað f Þ ¼ /f ; xaSk

/1; xaSk
; k4� 1; ð3:9Þ

so that fkARV : kX� 1g-R : k/ckað f Þ is continuous, and we have the following

extension of Mm
n to ‘singular weights’ xk; kX� 1:

Theorem 3.2 (Limit operator). For fACðTÞ and kX� 1; we have

lim
m-k
m4�1

Mm
n f ¼ M̂k

nf :¼
X
jaj¼n

n

a

 !
xackað f Þ; ð3:10Þ

where ckað f Þ is given by (3.3), and

M̂k
n ¼ Mk

n jCðTÞ; k4� 1: ð3:11Þ

In particular,

lim
m-�1þ

Mm
n f ¼ Unf :¼ ðn � 1Þ!

X
jaj¼n

n

a

 !
xa
Z
½v0;y; v0|fflfflfflfflffl{zfflfflfflfflffl}

aðv0Þ

;y;vs;y; vs|fflfflfflfflffl{zfflfflfflfflffl}
aðvsÞ

�
f : ð3:12Þ

Proof. For m4� 1; Lemma 3.1 gives

jjMm
n f � M̂k

nf jj
N;Tp

X
jaj¼n

n

a

 !
jjxajj

N;T

/f ; xaSm

/1; xaSm
� ckað f Þ

����
����-0; m-k;

and (3.9) gives (3.11). Take k ¼ �1 in (3.10) to get (3.12). &

The operator Un : CðTÞ-Pn defined by (3.12) is due to Goodman and Sharma
[GS91] (for the univariate case see [GS87]). It was also considered by Sauer [S94]
who remarks the univariate version was known to W.Z. Chen in 1987. Since Un is the
limit of Durrmeyer operators Mm

n ; m4� 1; many properties of the Durrmeyer

operators are inherited, and these can be proved (simply) by taking the limit as

m-� 1þ; e.g.,

(i) The Mm
n are positive linear operators on CðTÞ with jjMm

n f jj
N;Tpjjf jj

N;T :

(ii) They are degree reducing, i.e., Mm
n ðPkÞCPk; 8n; k:

(iii) They commute, i.e., Mm
n M

m
k ¼ M

m
k Mm

n ; 8n; k:

hold with Un (or M̂k
n ; kX� 1) replacing Mm

n : We illustrate this method in the

next two sections by determining the eigenstructure of Un and a differentiation
formula for it.
Recently, Theorem 3.2 was obtained independently in the univariate case s ¼ 1

(m ¼ ða; aÞ-� 1þ) by Păltănea [P01], where the limit operator Un was attributed to

yet another: Gavrea [G96]. There it was shown that Mm
n does not converge to M̂k

n in
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the operator norm. The example used can be modified to show that the multivariate

Mm
n does not converge to M̂k

n in the operator norm as soon as some kv ¼ �1:

4. The eigenstructure of Un

We now describe the eigenvalues and eigenspaces of Un by taking the limit of those
for Mm

n : The eigenvalues of Mm
n ; m4� 1 are

lkðMm
n Þ :¼

n!

ðn � kÞ!
Gðn þ jmj þ s þ 1Þ

Gðn þ k þ jmj þ s þ 1Þ; k ¼ 0; 1;y; n;

and the corresponding eigenfunctions are the Jacobi polynomials of degree k

for xm; i.e.,

P
m
k :¼ f fAPk: /f ; pSm ¼ 0; 8pAPk�1g:

As expected, the eigenvalues of Un are

lkðUnÞ :¼
n!

ðn � kÞ!
ðn � 1Þ!

ðn þ k � 1Þ! ¼ lim
m-�1þ

lkðMm
n Þ; k ¼ 0; 1;y; n:

This is easily seen for kX2 since here P
m
k converges (in the gap metric) to some P�

k

(see [W01]). Recall the gap between (finite-dimensional) subspaces P and Q of CðTÞ
is given by

gapðP;QÞ :¼ maxfdistðP-B;QÞ; distðQ-B;PÞg;

distðF ;GÞ :¼ sup
fAF

inf
gAG

jjf ; gjj
N;T ;

where B is the unit ball in CðTÞ: Thus, for each m4� 1 we can choose a basis fp
m
i g

of P
m
k with p

m
i -p�

i where fp�
i g is a basis for P�

k; and so

Mm
n p

m
i ¼ lkðMm

n Þ p
m
i ) Un p�

i ¼ lkðUnÞ p�
i ;

which implies P�
k is the lkðUnÞ-eigenspace (a dimension count shows it is all of it).

For k ¼ 0; 1 the limit eigenvalues are 1 (the rest are distinct). Here P
m
1 does not

converge as m-� 1þ; though P
m
0 does and P

m
0 þ P

m
1 ¼ P1; which is easily seen by

considering the functions

xv �
mv þ 1

jmj þ s þ 1
AP

m
1 ; vAV :

However, a simple calculation shows that P1 are the eigenfunctions of Un for l ¼ 1;
and so Un is diagonalisable. The fact that linear polynomials are reproduced by Un

(as with Bn), was seen as desirable in [S94].
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5. A differentiation formula for Ml
n and Un

In this final section, we give a formula for the derivative of Mm
n f and Unf in terms

of some M̂k
n�1 applied to the derivative of f : Previously, see, e.g., [S94, Lemma 4.4]

and [Di95, Property F], formulae for the derivative of Mm
n f in terms of some

operator applied to the derivative of f were given, but the operator was not
identified.
The derivative of f in the direction yARs is given by

Dyf :¼ lim
t-0

f � f ð� þ tyÞ
t

:

Theorem 5.1 (Differentiation formula). For mX� 1 and v;wAV ; we have

Dv�wðM̂m
nf Þ ¼ n

n þ jmj þ s þ 1
M̂

mþevþew

n�1 ðDv�wf Þ; 8fAC1ðTÞ: ð5:1Þ

In particular,

Dv�wðUnf Þ ¼ M̂evþew�1
n�1 ðDv�wf Þ; 8fAC1ðTÞ: ð5:2Þ

Proof. In view of Theorem 3.2, it suffices to prove (5.2) for m4� 1: Since

Dv�wðxaÞ ¼ avx
a�ev � awx

a�ew ; ð5:3Þ

we have

Dv�wðMm
n f Þ ¼

X
jaj¼n

n

a

 !
favx

a�ev � awx
a�ewg

/f ; xaSm

/1; xaSm

¼
X

jbj¼n�1

n

bþ ev

 !
ðbv þ 1Þxb

/f ; xbþevSm

/1; xbþevSm

�
X

jbj¼n�1

n

bþ ew

 !
ðbw þ 1Þxb

/f ; xbþewSm

/1; xbþewSm

¼
X

jbj¼n�1

n � 1

b

 !
n/f ; xbþevSm

/1; xbþevSm

�
n/f ; xbþewSm

/1; xbþewSm

( )
:

By the beta integral (2.1),

n

/1; xbþevSm

¼ n

n þ jmj þ s þ 1

bw þ mw þ 1

/1; xbSmþevþew

;

and so we obtain

Dv�wðMm
n f Þ ¼ n

n þ jmj þ s þ 1

X
jbj¼n�1

n � 1

b

 !
cð f ; m; b; v;wÞ
/1; xbSmþevþew

;
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where

cð f ; m; b; v;wÞ :¼ /f ; ðbw þ mw þ 1ÞxbþevSm �/f ; ðbv þ mv þ 1ÞxbþewSm

¼
Z

V

f fðbw þ mw þ 1Þxbþmþev � ðbv þ mv þ 1Þxbþmþewg:

Using (5.3) and the integration by parts formula, we then have

cð f ; m; b; v;wÞ ¼
Z

V

fDw�vðxbþmþevþewÞ

¼ �
Z

V

Dw�vð f Þ xbþmþevþew ¼ /Dv�wf ; xbþevþewSm;

as required. &

In the univariate case s ¼ 1; Dv�w ¼ ðv � wÞD; with D the univariate derivative,
and mþ ev þ ew ¼ mþ 1 (in case vaw), so the formula for kth derivatives, k ¼
1;y; n; takes the simple form

DkðUnf Þ ¼ Mk�1
n�k ðDkf Þ; 8fACkðTÞ:
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